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Abstract 
This chapter describes the basics of fuzzy logic, a group of theories and 
techniques that uses values in the interval [0,1] where traditional 
theories use either 0 or 1. Basically, to apply the term fuzzy logic to a 
system means to break somewhere inside that system the all-pervasive 
laws of the excluded middle and non-contradiction. Fuzzy logic, in the 
narrow sense (FLn), is also a term used to describe a formal logic 
following the principles of fuzzy logic in the wide sense (FLw).  

Fuzzy logic demands a framework of interpretation, a real or 
hypothetical case that influences and constrains the modeling decisions. 
Although there are many formal works about fuzzy logic, fuzziness was 
first proposed as a faster and cheaper method to model human 
reasoning in order to control highly complex and non- linear systems. 
The main goal in designing a fuzzy system is to provide a cost-effective 
solution that utilizes uncertainties instead of trying to resolve them. 

Fuzziness is a way to represent uncertainty, possibility and 
approximation.  If something is fuzzy, it means that we are unable to 
define precisely its boundaries. In fuzzy logic, constraints become 
elastic, limits are relaxed and values have distributions instead of being 
unique. 

Fuzzy logic is a good tool for situations where uncertainty is 
somewhat intrinsic to the system. This uncertainty can appear in a 
variety of ways. First there can have problems with the measures we 
have. Geographic information systems, for example, are plagued by 
missing data, slightly deviated values and so on. The values are 
uncertain a priori, and fuzzy functions can be used to manipulate them 
in some way to reduce uncertainty. 
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In expert control or diagnostic systems we can usually trust the 
measured values, but it is very difficult to make experts agree on the 
significance of a value. 

In decision support systems we want to help a single person or a 
group to make a decision based on several partial evaluations.  The 
uncertainty can be of each evaluation or a measure of how close the 
group is to a decision. 

This chapter is an introduction to fuzzy systems, starting from the 
initial concepts of fuzzy sets and fuzzy propositions and trying to 
describe few of the many uses fuzzy logic have currently. 

 

1. Fuzzy Sets 
Traditional set theory imposes that an element should either strictly 
belong to or do not belong to a set. There isn’t a third alternative. Fuzzy 
set theory is an extension of traditional set theory whereby the elements 
of a set are no longer required to belong to the set, having, instead, a 
degree of membership. We can assume that a membership function 
describes “how much” the element possesses the characteristic required 
to be a member of that set. Lotfi Zadeh, in 1965, introduced fuzzy sets 
as a new paradigm for modeling human reasoning. 

Zadeh, while looking for an easier way to model complex control 
processes, argued that in the real world we are commonly unable to 
define a clear and indisputable (characteristic) function stating whether 
or not an element belongs to a set.  Human reasoning is not only able to 
make decisions and classify situations based on partial or ambiguous 
information, it is actually inclined to it. Fuzzy sets try to mimic what is 
natural to human reasoning, allowing the imprecise definition of 
concepts. 

1.1. Representation of fuzzy sets 

In classical set theory, elements either belong to or do not belong to 
a set1. This is known as the “law of the excluded middle”. Fuzzy logic 

                                                 
1 A “crisp” concept is any concept that is not fuzzy. A crisp set is a traditional set, 

and the naïve set theory will suffice in our case. 
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is basically about breaking this law. Given a universe of elements U, a 
characteristic function fA describes the (non-fuzzy) set A as: 

 

 fA : U → {0,1} 
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Fuzzy sets use a membership function, µA, that extends the range of 
f to [0,1]: 

 µA : U → [0,1], 

where the function µΑ is designed, case by case, to represent a degree of 
membership. It is also common to use A(x) to represent µΑ(x).  

Typical fuzzy sets represent imprecise concepts, as in “numbers 
around 4”, “big planets”, “high temperatures”, and “short distances”. 

Fuzzy set domains can be discrete or continuous. The common 
mathematical notation for a fuzzy set A with finite domain  {x1,x2,…,xn} 
and membership function µΑ is: 

 µA(x1)/ x1 + µA(x2) / x2+ µA(x3) / x3+…+ µA(xn) / xn, 

as in the fuzzy set  “integers around 4”: 

 0.2/1+0.5/2+0.8/3+1/4+0.8/5+0.5/6+0.2/7. 

A table, as in Table 1, relating each element with its degree of 
membership is the usual informal representation of discrete fuzzy sets. 

 
Planet Big 
Jupiter 1 
Saturn 0,9 
Earth 0,3 
Mars 0,1 
Mercury 0 

Table 1. Membership values for planets in the set of “big planets”  

Most of the time we will deal with fuzzy sets over a continuous 
domain. In this case, mathematical functions and graphics describe the 
membership functions. Some functions with specific shapes are highly 
preferred, such as triangular, trapezoidal, s-shaped, and gauss functions.  
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 A typical, triangular, fuzzy set is described as 
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furthermore, if the triangle is isosceles, there is a more compact 
notation: 

 µA(x)=max(0,1-|c-x|/d). 

The support of a fuzzy set A is the (crisp) set of all elements where 
µΑ(x)>0. A fuzzy set is said to be normal if there is at least one x for 
which µΑ(x)=1.  
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The temperature is hot
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Figure 1. Two continuous membership functions. Describing the 

concepts of warm and hot temperature. The first function, warm, is a 
triangular function. The second, hot, is a (right) shoulder function. 

1.2. The Linguistic approach 

The linguistic approach is Zadeh’s original idea. It is based on two 
main concepts: the linguistic variable and the linguistic term. A 
linguistic variable represents a concept that is measurable in some 
way, either objectively or subjectively, like temperature or will. 
Linguistic variables are characteristics of an object or situation. 
Linguistic terms  rate the characteristic denoted by one linguistic 
variable. A linguistic term is a fuzzy set, and the linguistic variable 
defines its domain. 

Every adequate representation of  fuzzy sets involve the basic 
understanding of five related conceptual symbols: 
• the set of elements θ∈Θ, as in “person” from “group of friends”; 
• the linguistic variable V, that is a label for one of the attributes of 

the elements θ∈Θ, as in “age” of “person”; 
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• the linguistic term A, which is an adjective or adverb describing 
the linguistic variable, which is a subjective measure of V, as in 
“young” describing “age”; 

• a referential set X ⊂ ℜ , that is a measurable numerical interval, for 
the particular attribute V, as in “[0,100] years” for “age”, and 

• a subjective numeric attribution µA(θ), of the membership value, 
i.e., the membership degree of the element θ, labeled by the 
linguistic variable V as described by A.  

So, for a linguistic variable V, there will be a measurement process 
resultingin a measured value mv ∈ ℜ for each element θ∈Θ. To 
interpret this measurement, we define subjective notions as the 
linguistic terms A0, A1, A2, ... , An and their membership functions  
µ0(x), µ1(x), µ2(x), ..., µn(x), with domain ℜ and range [0,1]. Applying 
µi to mv we obtain the degree of membership for element θ in set Ai, 
meaning the degree of accomplishment of the linguistic term Ai when it 
is used to express a subjective measurement of V.  

Temperatures
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Figure 2. Membership functions for linguistic variable Temperature with 
domain [0,100], range [0,1], and linguistic terms {almost frozen, cold, 

pleasant, warm, too warm, almost boiling}. 

1.3. The Geometric approach to fuzzy sets 

Bart Kosko [1]provided us with a different and insightful description of 
fuzzy sets. Instead of presenting them as a mathematical function on 
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the elements of the universe, he prefers building fuzzy sets from the 
power set of crisps sets. 

The power set of a set X is the set of all subsets of X. The power set 
of X defines a hypercube of dimension |X|. Each dimension represents 
the characteristic function of one element and can take the values 0 or 
1.  Only  vertives of this hypercube are valid sets in traditional set 
theory. It is possible to represent a subset of X describing only the 
coordinates of a vertex as a n-tuple composed of zeros and ones. 

In fuzzy set theory, accordingly to Kosko, any point inside the 
hypercube represent a valid subset of X. The vertices of the hypercube 
are the crisp sets, where fuzziness is zero. The center of the cube, where 
every coordinate is 0.5 is the set with maximum fuzziness.  

 

A

B

0,0

0,1

1,0

1,1

0.8,0.6

 
Figure 3. Geometric interpretation of all the possible crisp sets and a 
single fuzzy set for universe set {A,B} of dimension 2. A crisp set can 
only occupy the vertices of the hypercube, while a fuzzy set can be 

located anywhere inside it. In this case the four vertices define the crisp 
sets {},{A},{B} and {A,B}, while the point inside the square defines the 

fuzzy set 0.8/A+0.6/B 

1.4. Fuzzy Set Operations 

As with traditional sets, we can make operations using fuzzy sets. 
The most common fuzzy set operations extend union, intersection and 
complement. We should note that using the interval [0,1], instead of the 
set {0,1}, gives us infinite possibilities for operations.  Mostly, will be 
interested in aggregation operations, for example to average out 
different expert opinions.  
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1.4.1. Fuzzy Intersection 

The intersection of two fuzzy sets, represented by the symbol ∧ , is a 
binary operation satisfying some conditions, which in turn define a 
class of functions known as triangular-norms or t-norms: 

1. 1 is an identity: 1 ∧  x =x 
2. ∧  is commutative: x ∧  y = y ∧  x 
3. ∧  is monotonic:  if w ≤ x then w ∧  y ≤ x ∧  y 
4. ∧  is associative: x ∧  (y  ∧  z)  = (x ∧  y) ∧  z 
The first three conditions assure that any t-norm is equivalent to the 

Boolean intersection when applied on 0 or 1. There are other three 
conditions that can also be desirable in t-norms: 

1. ∧  is continuous  
2. ∧  is subidempotent: x ∧  x ≤ x 
3. ∧  is strictly monotonic: if w ≤ x and y ≤ z then w ∧  y ≤ x ∧  z 
The standard t-norm is the minimum operation (min). It is also the 

only idempotent (x ∧  x = x) t-norm. Other frequently used t-norms are 
listed in Table 2. 

1.4.2. Fuzzy Complement 

The complement of a crisp set A is the set A’ of all elements that 
belong to the universal set but do not belong to A.  

Generally, a fuzzy complement χ should follow two conditons: 
1. χ follows a boundary condition χ(0)=1, χ(1)=0 
2. χ is monotonic: for all x,y ∈ [0,1], if x ≤ y then χ(x)>χ(y). 
Strong complements are functions that also satisfy a third condition, 

known as involution:  

 χ(χ(x))=x. 

By far, the most used complement A’ of a fuzzy set A is  

 A’(x)=1-A(x) or µA’(x)=1-µA(x).  

There are, however, other operations, like the Sugeno negation, that 
is also involutive: 

 (1-x)/(1+bx), b ∈ (-1,∞). 

Complements allow us to define dual operators. A dual of a operator 
f with respect a strong complement is another operator fd: 



 8

 fd(x,y)=χ(  f(χ(x)) , f(χ(y)) ). 

1.4.3. Fuzzy Unions  

Fuzzy unions are a class of functions known as t-conorms or s-norms, 
represented by the symbol ∨ . As with t-norms, we can define a set of 
conditions for t-conorms: 

1. 0 is an identity: 0 ∨  x =x 
2. ∨  is commutative: x ∨  y = y ∨  x 
3. ∨  is monotonic:  if w ≤ x then w ∨  y ≤ x ∨  y 
4. ∨  is associative: x ∨  (y  ∨  z)  = (x ∨  y) ∨  z 
We could go further with the discussion of t-conorms, but it is 

simpler to say that every t-norm has a dual, known as a t-conorm 
The standard t-conorm is the maximum operator, denoted max, 

which is the, and only idempotent t-conorm. A list of common t-
conorms can be found in Table 2. 

 
Type t-norm t-conorm 

Standard min(µA(x), µB(x)) max(µA(x), µB(x)) 
Algebraic µA(x)⋅µB(x) µA(x)+µB(x) - µA(x)⋅µB(x) 
Limited Max(0, µA(x) + µB(x) - 1) min(1, µA(x) + µB(x)) 
Robust 
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Table 2. Most common t-norm/t-conorm pairs, for µA’(x)=1-µA(x). 

1.4.4. The Cartesian Product 

The Cartesian product R of fuzzy sets A and B, denoted by A × B is: 

 µR(x,y)=µA × B (x,y)=min(µA(x),µB(y)). 

1.4.5. Fuzzy Set Aggregation 

Aggregation operators combine several fuzzy sets in a useful way, 
usually application oriented, to produce a unique fuzzy set. 
Aggregation operators are an abstract class of functions having some 
particular meaning when used in a system. One expect an aggregation 
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operator to satisfy three conditions, which summarize the common 
sense notion of aggregation in mathematical terms:  

1. boundary condition: h(0,0,…,0)=0 and h(1,1,…,1)=1, 
2. h is monotonic increasing, and 
3. h is continuous 
Besides these 3, it is sometimes useful that: 
1. h is symmetric in all its arguments 
2. h is idempotent: h(a,a,a,…,a)=a 
It is clear that t-norms and t-conorms are aggregation operators. It is 

important also that every idempotent monotonic increasing aggregation 
function satisfy 

 min(a1,a2,…, an )≤h(a1,a2,…, an)≤max(a1,a2,…, an). 

These kind of aggregation operators are known as averaging 
operators. One particular class of averaging operators is the generalized 
mean: 

 Hα  (a1,a2,…, an)=((a1
α + a2

α …+ an
α)/n)1/α 

1.5. Linguistic Hedges 

Linguistic hedges, or simply hedges, modify linguistic terms. They 
are the fuzzy model counterpart of adverbs. After a linguistic term is 
defined, for example “old,” it is expected that one is able to discourse 
about concepts such as “very old” and “almost old” 

Since linguistic hedges modify linguistic terms, we use fuzzy 
operations from [0,1] into [0,1]. The most common linguistic hedges 
and their corresponding operators are in Table 3. 

 
Hedge Operator Function 

Very Concentration (µA(x))2 

Almost Dilation (µA(x))1/2 
 

 Table 3. Hedge operators 
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1.6. Alpha cuts 

The alpha-cut, α-cut, of a fuzzy set is the (crisp) set of all elements 
that have a membership value greater than or equal to α. Alpha-cuts 
allow us to describe a fuzzy set as a composition of crisp sets. The 
concept is very important because it is used to extrapolate fuzzy 
functions from crisp ones. For a fuzzy set A, its α-cut is represented by 
Aα.  

Though occasionally used interchangeably, the terms α-cut and 
threshold level are different concepts. The threshold level is the  
minimal accepted membership value of an element. For example, when 
doing a fuzzy query in a database we can be looking for results with 
membership values greater than some value, usually around  0.3. In a 
sense, a threshold level works like a high-pass filter, a function 
mapping from fuzzy sets into fuzzy sets, while an α-cut defines a 
function mapping fuzzy sets into crisp sets. However many authors use 
α-cut and α-cut threshold when referring to filtering out low 
membership values. 

1.7. Fuzzy Numbers 

A fuzzy number is a generalization of a real number, which describes 
the fuzzy set of real numbers that approximate another real number. A 
fuzzy number A is a fuzzy subset of ℜ which satisfies the following 
conditions[2]: 

1. There is one and only one x for which A(x) =1  
2. The support of A is bounded 
3. The α-cuts of A are closed intervals. 
Any fuzzy number A is convex, upper semi-continuous and, if 

A(r)=1, then it is monotone increasing on (-∞,r] and monotone 
decreasing in [r,∞). 

Triangular fuzzy numbers are very commonly used. They can easily 
be described by the notation (c,l,r)LR, known as L-R fuzzy number, 
where c stands for the center, l for the left displacement and r for the 
right displacement. It is interesting to note that products of triangular 
numbers are not triangular, but it is possible to create a reasonable 
triangular approximation. 
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Figure 4. The fuzzy numbers (2,1,1)LR, (3,2,1)LR and the result of their 

addition (5,3,2)LR.  

1.8. Fuzzy functions and the extension principle 

The extension principle guarantees that there is a fuzzy extension of 
any mathematical function.  

If Ã1,  Ã2,…, Ãk, and Ñ are fuzzy sets based respectively in A1, 
A2,…, Ak and N, and  

 f : A1, A2,…, Ak → N, 

then the fuzzy function  

 f: Ã1, Ã2,…, Ãk, → Ñ 

is 

 ( ) ))(),...,(),((min(max 21),...,,(~
2121 kAAAaaafyN aaan

kk
µµµµ == .  

Although this is probably the most important theorem in fuzzy 
theory, Bart Kosko [1]makes a point when criticizing functions 
generated by the fuzzy extension principle as lacking fuzziness because 
the max operator tends to produce mostly 1s.  

It is interesting to note that the crisp functions do not necessarily 
maintain all their properties after being extended. For example, 
although for a pair of fuzzy numbers A+B=B+A, but it is not generally 
true that (A+B)-B=A. 
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2. Fuzzy Logic 
Fuzzy logic 2 is to Boolean logic as fuzzy set theory is to traditional 

set theory. Instead of traditional logic, which aims at precise reasoning, 
fuzzy logic is about approximate reasoning. A fuzzy proposition 
induces a possibility distribution over a universe of discourse [3]. The 
most interesting fact about fuzzy logic is that fuzzy inferences make it 
possible to deduce a proposition similar to the consequence from some 
proposition that is similar to the antecedent.  

While Boolean logic maps every proposition into {0,1}, where zero 
will stand for false and 1 for true, fuzzy logic maps every proposition 
into [0,1], where there is a subjective concept of “degree of truth” 
associated with each selected mapping.  

Boolean operations can be extended, creating the classes of t-norms 
(representing generic conjunction), t-conorms (representing generic 
disjunction) and fuzzy negation operations. The most common 
operatorions are the same used for fuzzy sets and can be found in Table 
2. Like these, other operations such as fuzzy implications, should 
always be compatible with their crisp counterparts. 

2.1. Fuzzy Propositions 

Fuzzy logic deals with the degree of truth of fuzzy propositions, 
which can be conditional, qualified, or both, as well as simple. A 
simple, unconditional and unqualified, proposition states that a variable 
element belongs to a fuzzy set, as in “the age of x is old”. For a 
particular element, the degree of truth of the proposition is interpreted 
as the degree of membership of this element to the fuzzy set. In this 
way, any fuzzy proposition can be interpreted as a possibility 
distribution function that is equal to the membership function of the 
fuzzy set. A simple proposition p has the form [4]: 

 p : V is F 

or 

                                                 
2 I could repeat here the whole treatment given in the previous 

section, but instead I only make a summary of the basic characteristics 
of fuzzy logic and save space to discuss more advanced concepts. 
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 p : V(i) is F, 

when it is important to discuss the individual element refered to by the 
proposition, as in “The age of John is old”. It is possible to apply 
hedges to propositions the way that we apply adverbs to adjectives, as 
in  “the age of x is very old”. 

A qualified fuzzy proposition is a simple fuzzy proposition modified 
by a fuzzy truth qualifier or a fuzzy probability qualifier, as in “ ‘the 
age of x is old’ is likely”3 or “ ‘the probability that the age of x is old’ 
is high”. They describe the degree of truth or the probability of the 
original proposition. Simple fuzzy propositions are equivalent to 
qualified propositions where the truth qualifier is “is true”. Qualified 
fuzzy propositions, p,  take the form: 

 p: V is F is S 

or 

 p: Pro{V is F} is P. 

Conditional propositions discuss the implication of one fuzzy 
proposition from another, as in “If age is old, then strength is feeble”. 
Conditional propositions, i.e. fuzzy implications, are very important to 
develop fuzzy systems, since fuzzy rules can be seen as conditional 
propositions. They take the form: 

 p: If X is A, then Y is B. 

Propositions can also be quantified, i.e., we can also make 
statements about to how many elements of a set a proposition are true. 
For example: “most engineering students have good knowledge of 
math” or “about one sixth of the students have no knowledge of it”. 
Quantified propositions are handy tools in datamining engines. 

2.2. Fuzziness for Classical Inference Rules 

The classical inference rules of modus ponens, modus tollens, and 
hypothetical syllogism can be generalized for fuzzy logic and used to 
support approximate reasoning.  

The Modus ponens deduction rule allows us to deduce the truth of 
the consequent of an implication based on the truth of the antecedent. 

                                                 
3 Of course, we would say “It is likely that x is old” in fluent English. 
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Since most fuzzy systems use if-then rules (implications) and a single 
forward pass, the generalization of modus ponens is of extreme 
importance to fuzzy logic.  

Given an implication “if p then q” and the fact that p is true, modus 
ponens deduces q. If p and q are fuzzy propositions (X is A) and (Y is 
B), and A* and B* are fuzzy sets in X and Y, then the following schema 
represents generalized modus ponens: 

IF X IS A, then Y is B 
X is A* 
— 
Y is B* 

Since Y is B* is a fuzzy proposition, it must be possible to deduce its 
possibilistic distribution, i.e., the membership function of B*. This is 
performed using one of many available compositional rules of 
inference: 

 B* = A* o R,  

such as 

 µB*(y)=sup(min(µA*(x),µR(x,y)) 

where R is the vector describing the relationship between sets A and B.  
There are four important classes of fuzzy implication operators[4,5]:  

1. S-implications, based on the formalism p→q = ¬ p ∨  q; 
2. QL-implications, based on p→q = ¬p ∨  (p∧q); 
3. R-implications, based on p→q = sup{r ∈ [0;1] | (p ∧  r) ≤q }, and 
4. t-norm-implications, based on p→q = p∧q (false in boolean logic!).   

Various functions used to represent the implication R are described 
in Table 4. It is interesting to note that t-norm-implications, such as the 
Mamdani implication, do not verify the properties of crisp implication 
and are not considered implications in FLn. Nevertheless, Mamdani 
implication is by far the most implemented form of implication. 
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Name Function Class 
Kleene-Dienes Max(µΒ(y),(1-µΑ(x))) S,QL 
Reichenbach 1-µA(x)+µA(x).µB(y) S 
Lukasiewicz Min(1,1-µA(x)+µB(y)) S,R 
Gödel 
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Mamdani Min(µA(x),µB(y)) T 
Larsen µA(x).µB(y) Τ 
Early Zadeh Max(Min(µΑ(x),µΒ(y)),(1-µΑ(x))) QL 
Yager )()( x

B
Ay µµ   

Table 4 Fuzzy Implications functions for IF A THEN B and A*, derived 
from [5] and [4]. 

The same process of using the compositional rule of inference can 
be repeated with modus tollens and hypothetical syllogism to discover 
their generalized fuzzy counter parts. 

3. Traditional Fuzzy Systems 
The term fuzzy system can be used to label any system that has in its 

architecture some mechanism based on fuzzy theory. The usual 
implementation strategy calls for a main fuzzy engine that is isolated 
from the non-fuzzy (crisp) part of the system by crisp to fuzzy and 
fuzzy to crisp converters. Crisp to fuzzy conversion is known as 
fuzzification or fuzzy encoding, while crisp to fuzzy conversion is 
called defuzzification or fuzzy decoding.  

The original proposal of a fuzzy system uses a main engine 
composed by a set of rules within a fuzzy inference engine. In the next 
sections we will discuss such systems. 
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Nowadays, fuzzy systems, including hybrid ones, can use regression 
models, fuzzy grammars, neural (fuzzy) networks, genetic algorithms, 
fuzzy aggregation functions, Petri-nets, or many other techniques.  

Fuzzy systems have been used to accomplish several different tasks, 
such as monitoring, controlling, diagnosing, querying, and optimizing. 
Broadly, they can be divided in 4 categories: 

1. prescriptive systems, which require specific decisions (output) 
for a problem (input); 

2. descriptive systems, which only try to identify a problem, e.g., 
by classification or pattern recognition; 

3. optimization systems, which try to establish conditions and 
actions to achieve some set of performance criteria, and 

4. predictive systems, which try to predict future outcomes. 
Basically, a fuzzy system interacts with a second system that is 

considered a black box. The inputs are equivalent to an observation of 
the state of the (second) system, while the fuzzy encoded data represent 
the, though possibly partial, (simulated) human interpretation of the 
state. The reasoning engine replaces human reasoning, producing 
another human-like interpretation as the output. The fuzzy 
decodification mechanism provides a unique, crisp value as the output, 
choosing, somehow, the most interesting value from among the several 
allowed by the fuzzy result.   

From the previous discussion, we can now imagine some steps to 
develop a fuzzy system: 

1. Describe the system as a set of measurable attributes. It is not 
necessary to ask for precise measures, since fuzzy systems deal 
with uncertainty.  

2. Consider each attribute as a linguistic variable. Build a 
reasonable set of linguistic terms that describe these variables. 
Do not try to select a membership function at this time. 

3. Repeat steps 1 and 2 for the output s desired from fuzzy system. 
In the case of control, we will be dealing again with 
(controllable) attributes of the system being controlled. In other 
situations we can have to deal with human vocabulary, for 
example. 

4. Build the membership functions for the linguistic terms. In the 
beginning use simple (triangular) functions. Later on, more 
complex functions can be used to achieve better results. 
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5. Acquire knowledge describing the relationships between the 
attributes of the system and the desired output of the fuzzy 
system 

6. Implement and check if the system is running as specified, 
verifying the results.   

7. If the test fails for some reason, analyze which step would 
provide better chances for improvement and return to it. 

8. Validate the final system. 
These steps form a general, overall strategy for work, but do not 

include other important aspects of fuzzy modeling[6], like data filtering 
and pre-processing.  

It should be clear by now that developing a fuzzy system is a trial 
and error procedure, although part of the process can be automated by 
some optimization method. Only very simple systems will be correct on 
their first run. 

Meanwhile, it is important to discuss the semantic of your system. 
For example, when using some aggregation operator to unify the 
opinion of different experts, we should understand what are the 
implications of using of this operator, since some operators can reduce 
and others can enlarge uncertainty. 

It is very interesting to note the principles of uncertainty described  
by Klir and Yuan [4] at least as a guideline for modeling and 
developing fuzzy systems. There are tree principles: 

1. the principle of minimum uncertainty, which states that we 
should accept only those solutions, from among all equivalent 
solut ions, whose uncertainty is minimal 

2. the principle of maximum uncertainty, which states that we 
should use all information available, but make sure that no 
additional information is unwittingly added. 

3. the principle of uncertainty invariance, which states tha t, when 
transposing a problem-solving situation from one theory to 
another, the amount of uncertainty should be preserved and the 
degrees of belief can be converted by an appropriate scale. 

We select which principle to use in each case by these guidelines: 
the minimum uncertainty principle is most useful for narrowing down 
solutions, simplifying problems and resolving conflict resolution 
problems. Solutions based on the uncertainty principle may accept 
some loss of information. 
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The maximum uncertainty principle is the same as the principle of 
maximum entropy. It is essential for ampliative reasoning, which is 
indispensable for predictions and estimation, as such as other typical 
scientific techniques. 

The principle of uncertainty invariance is used when moving from 
one theory to another, using the best of each theory when needed. It is 
also a principle of information invariance or information preservation. 

3.1. Fuzzification 

The first step in every fuzzy system consists of converting the inputs 
from the traditional crisp universe to the fuzzy universe. This step is 
known as fuzzification or fuzzy encoding, and identifies that there is an 
acceptance of uncertainty assigned to the input value.  

Every input value is associated with a linguistic variable. For each 
linguistic variable, it should be assigned a set of linguistic terms that 
subjectively describe the variable. Most of the time, linguistic terms are 
words that describe the magnitude of the linguistic variable, as “hot” 
and “large”, or how far they are from a goal value, as in “exact” or 
“far”.  

Each linguistic term is a fuzzy set and has its own membership 
function. It is expected that for a linguistic variable to be useful, the 
union of the support of the linguistic terms cover its entire domain. It is 
also expected that there some intersection between the support of 
linguistic terms that describe similar concepts. So, when talking about 
temperature, for instance, one would expect to see some values that will 
be, at the same time, described as “cold” and “freezing”. Usually, 
adjacent linguistic terms have 10 to 50% superposition. Elsewhere in 
this chapter we discuss different methods to determine these fuzzy sets. 

Given all the fuzzy sets which correspond to each linguistic 
variables, fuzzification means to calculate the membership value of 
each input value in each fuzzy set. Usually we don’t discuss sets for 
which the membership value is zero.  

3.2. Membership function determination 

To come up with the membership function which defines a fuzzy set 
it is important to work with real life, empirical, results. It is more 
practical to define a priori the shape of the function for which we area 
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searching. Triangular and trapezoidal functions fit most of the cases 
and provide fast computation time, while other curves, like gaussian 
and sigmoid, provide smooth results. Finally, arbitrary curves can also 
be used, most of the time implemented by a table and interpolation 
method. It is a reasonable strategy to start the development using 
simple functions in the model and refine it later with more complex 
functions. 

Some methods to determine membership functions from expert 
knowledge are: 

1. Intuition: where designers use their previous knowledge to 
decide which curves to use.  

2. Horizontal method{Pedrycz & Gomide 1998 ID: 922}: in which 
information about the membership value of a given set of 
elements is gathered after polling experts on their compatibility 
with a concept, accepting only yes or no answers. The estimated 
value of the membership function is the ratio of the number of 
positive replies to the total number of replies{Pedrycz & Gomide 
1998 ID: 922}. 

3. Vertical method{Pedrycz & Gomide 1998 ID: 922}: in which 
the set is built by using its α-cuts. The question here is: “is the 
element x α% compatible with the concept that describes the 
set?” It is interesting to note that it is also possible to represent 
the α-cuts as fuzzy propositions, as in “can you describe this 
value as almost being in the set?” 

4. Pairwise-comparison method (Saaty 1980, Saaty 1974): when 
every pair is compared, using some discrete levels of preference 
(usually 7 ± 2), and algebraic operations determine membership 
values. Rank ordering [7] is another method based on the same 
principles. 

5. Inference [7]: this is more a class of methods than a method 
itself, for which previous knowledge is used to perform 
deductive reasoning.   

3.3. Fuzzy Rules 

The most common fuzzy system uses rules to formally represent 
knowledge. Although a single type of rule does not exist, if-then 
representation is a standard. A basic if- then rule can be written in the 
form  



 20

 IF a1 AND a2 … AND an THEN b, (1) 

where ai,  1≤ i ≤ n, and b are fuzzy propositions. Similar to expert 
systems, each rule represents some reasonable assumption about the 
actions (output values) that should be taken in the case of that state of 
the system (input values), both input and output are described by fuzzy 
sets.  

3.4. The reasoning engine 

In basic fuzzy systems, all rules work in parallel. A fuzzy reasoning 
engine can be seen as performing two steps: 

1. calculate the value of the consequent of each fired rule, and 
2. calculate a consolidated result. 
This is know as the compositional inference engine and is the 

simplest and most common deductive process used in fuzzy systems. 
To execute the first step, it is necessary to have a way to calculate 

the value of the consequent based on the value of the antecedent, i.e., 
we need a function to represent the fuzzy implication. We have seen, 
for example, that implications can be deduced using generalized modus 
ponens, defining a proportional reasoning mechanism for single rules. 
However, we need also to calculate the combined result, and it is 
logical to expect that the function that does this work dependent of the 
single proposition engine.  

There are two main methods of inference in compositional fuzzy 
systems: the min-max (Mamdani) and the fuzzy additive method [8]. In 
the min-max method the consequent membership function is restricted 
to the minimum of the predicate truth and the compound result is the 
maximum of all these fuzzy sets, what is not compatible with fuzzy 
logic in the narrow sense (FLn) but achieves good practical results. 

 From the previous description we can understand that in the 
Mamdani inference scheme there are no intermediate (fuzzy) logical 
variable to be calculated, i.e., rules cannot be chained. Every output 
value is a direct measure of input values. This is a feature, not a 
problem, since Mamdani fuzzy systems were proposed to control 
another system seen as a black box. 
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3.5. Defuzzification 

Defuzzification or fuzzy decoding transforms a fuzzy quantity into a 
crisp one. Control systems always request this, since they must apply 
feedback response to the controlled system. Other kinds of fuzzy 
systems can do without that step. 

There are many methods for defuzzification, such as: 
1. max-membership principle (height method), which is limited to 

peaked functions, answers with the value for which the 
membership function is maximum; 

2. mean-max membership, takes the mean of all the values 
generating maximum membership; 

3. first (or last) maxima, takes the smaller (or larger) value that 
generates a maximum; 

4. centroid (center of gravity),  calculates the centroid of a 
aggregating function, usually the maximum of all the original 
response functions, 

5. center of sums: calculates the centroid over the sum of the output 
functions, instead of their maxima. 

6. center of largest area, which is useful for fuzzy sets with two 
convex sub-regions, answers with the centroid of the largest 
area, 

7. weighted average method, uses the height of the functions to 
calculate a weighted average of the output. 

3.6. An example 

Given a  fuzzy system with two inputs and one output, the best way to 
represent it is a n×m matrix, where n and m are the numbers of 
linguistics terms for each of the two inputs, and each cell of the matrix 
contains the desired output for the combination of input values.  

Suppose we have a bicycle breaking control system with two inputs: 
distance and velocity. The output is the range to be applied in the break. 
The distance goes from 0 to 40 meters and can be describe as: very near 
(VN), near (N), far (F) and very far (VF). The velocity goes from 0 
km/h to 32 km/h and can be described as: none (N), very slow (VS), 
slow (S), fast (F) and very fast (VF). The range to be applied to the 
brake goes from 0% to 100% and can be described as: none (N), weak 
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(W), strong (S), very strong (VS). One single rule among the many 
possible would be: 

 IF vel. is fast AND distance is near THEN strength is very strong. 

A reasonable set of rules, with the rule above in gray background, 
would be described as in Table 5. 

 
 N VS S F VF 

VN N W S VS VS 
N N W W VS VS 
F N W W S S 

VF N W W W W 
Table 5. The complete set of rules for the strength to be applied in the 

brake based on distance and velocity. 

It is not necessary to discuss at this point how the rules where 
discovered, but it is important to see what they represent. What is 
meant by the linguistic terms “near”  and “far”? The meaning are 
described by the membership functions of these terms. “Distance”, 
“Velocity” and “Range” are linguistic variables, taking on values in the 
real domain. “Near”, “far”, etc. are linguistic terms and describe fuzzy 
sets. The rules say that if a value has membership greater than zero to a 
pair of fuzzy sets, then a specific output is necessary. 

If we were dealing with non- intersecting crisp sets, we could get 
these rules and easily implement a system. The problem, though, is that 
it would be very difficult to get good performance with so few rules. 

How do fuzzy systems solve this problem? The main difference is 
that, not only is there an intersection between pair of sets, there is also a 
different membership value for each value in the domain. 

In our case, we could describe each of the terms by their 
membership functions, as in Figures 5 and 6. 



 23

1

0

verynear x( )

near x( )

far x( )

veryfar x( )

400 x
0 20 40

0.5

1
Distance (m)

 

1

0

none x( )

veryslow x( )

slow x( )

fast x( )

veryfast x( )

320 x
0 10 20 30

0.5

1
Velocity (km/h)

 

Figure 5. Membership functions for input values (distance and velocity) 
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Figure 6 Membership values for output (range of brake pressure) 

The functions of Figure 5 are used for the fuzzification, the first step 
of any fuzzy system. The functions of Figure 6, relative to the output, 
are used for the reasoning and defuzzification.  

Since the linguistic terms are fuzzy sets, and their support intersect, 
it is expected that, given a distance and a velocity value, one or more 
rules will fire. What will happen if the velocity is 10 km/h and the 
distance is 9 m? Four rules will fire, i.e., their antecedent will have 
truth value greater than zero, as indicated in Table 6. 

 
 N VS S F VF 

VN N W S VS VS 
N N W W VS VS 
F N W W S S 

VF N W W W W 

Table 6 Firing rules for velocity=10km/h and distance=9m 

How do we solve the problem of four rules firing? We do that by 
providing a mechanism that calculates an unique result based on the 
aggregation of the single, rule-by-rule, result. 

The first step is to calculate the value of the antecedent of each rule. 
For every rule not in gray in Table 6, this value is zero. The four rules 
that fired are: 

IF vel. is slow AND distance is near THEN strength is weak. 
IF vel. is slow AND distance is far THEN strength is weak. 
IF vel. is fast AND distance is near THEN strength is very strong. 
IF vel. is fast AND distance is far THEN strength is strong. 
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And, from the membership functions, we can calculate the truth 
value of each fuzzy proposition and of the fuzzy conjunction, as shown 
in Table 7 

AND Slow = 0.25 Fast=0.25 
Near = 0.2 0.2 0.2 
Far = 0.1 0.1 0.1 

Table 7. The value of the antecedent for the four firing rules 

Now we should calculate the value of the consequent and the final 
value. Here we will break the formal laws of fuzzy logic [9] and use a 
simpler and faster  method, known as Mamdani Implication[10].  

In the Mamdani scheme, the value of the antecedent is the minimum 
of its value and of the value of the antecedent. Since the consequent is a 
function (see Figure 6) and the antecedent is a value, we use this value 
to clip the consequent function. The resulting functions can be seen in 
Figure 7. 
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Figure 7 The four resulting functions 

Now it is necessary to calculate the result. Here we will continue to 
use the Mamdani procedure and calculate the maximum of these four 
functions, described in Figure 8. 
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Figure 8 The resulting membership function for range 

Finally, we calculate the crisp output value of the system by 
defuzzification. In this case, by calculating the center of mass of the 
fuzzy output, the value is 49.82%. 

3.7. Fuzzy rules determination 

Since fuzzy rules should represent human expert opinions, the usual 
way to create the rules used in a system is to ask human beings for the 
rules of the thumb they use while executing the same task. Although 
very effective, that strategy can stall in a series of obstacles, such as 
conflicting opinions, lack of sufficient rules, and lack of experts. 

There are many claims that fuzzy systems based on rules are very 
resilient, performing well their tasks even when lacking rules covering 
all the possible input combinations. Toy examples, like the classical 
inverted pendulum and truck parking control systems support this 
claim. We can imagine that very complex systems have a subset of the 
input space that do not need rules, but the real supposition is that fuzzy 
systems allow the coverage of all of the domain, even if all 
combinations of linguistic rules do not appear as antecedent. This might 
be true since linguistic terms superimpose on their coverage of the 
domain. Even in the case where there is a problem with missing rules, it 
is possible to modify the encoding mechanism, to cover the entire crisp 
input domain values even if not all combinations of fuzzy values are 
used.   

In ordinary cases where expert opinions diverge, there are varied 
techniques to aggregate their opinions, including notions of consensus,  
level of expertise or other criteria. These techniques should be applied 
a priori, to determinate the final rules which would be used in the 
system. Aggregation functions are usually used in cases when the 
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context of aggregating expert opinions about membership  functions, 
but it is also possible to use them to build consensus rules. Another 
possible solution is to allow for conflicting opinions to be included in 
the knowledge base and use the fuzzy reasoning engine to deal with 
this problem. It is not clear that this method is always possible or if it 
can deal with very discordant opinions. 

4. Fuzzy Decision Making 
Decision-making has much profited by using fuzzy values to represent 
expert opinions, and employing fuzzy aggregation operators to unify 
these opinions.  

4.1. Aggregating Multiple Expert Opinions 

The most ubiquitous use for fuzzy systems in decision making is the 
task of aggregating multiple expert opinions. Baardossy, Duckestein et 
al. [11]  make a good analysis of this problem and propose some 
classes of functions and some criteria to be used when studying new 
functions.  

The goal is to find a combined estimation of a value when given 
different fuzzy assessments of this value by experts. Two necessary 
properties and five possibly desirable properties are defined by [11]: 

1. Agreement preservation (necessary) - if all experts have the 
same opinion, then the result must be the same; 

2. Order independence (necessary) - the order of the opinions is not 
important for the result. 

3. Transformation invariance - the transformation of the result 
space should not affect the result. 

4. Possibility conservation - if a value is possible in at least one 
estimate, it must remain possible for the combined result. 

5. Possibility interval conservation - a number located between two 
numbers that are possible must be also possible. 

6. Individual versus overall (combination) uncertainty - given an 
uncertainty measure, there must be a decision regarding how the 
uncertainty of the overall result and the uncertainty of each 
individual results are related. 
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7. Desirability of resultant estimate: that is a measure of how the 
aggregation mechanism is suited to the problem accordingly to 
the designer. 

 

4.2. Solving Non-transitive opinions 

In some decision making  problems, the fact that alternative  A is better 
than alternative B and alternative B is better than alternative C does not 
imply that alternative A is better than alternative C. It is even possible 
that alternative A being somewhat better than alternative B, there is 
also a degree for which alternative B is better than A and that both 
degrees are not related. One situation where this can happen is the case 
where you show a device to an expert in the context of a system and 
asks how much an alternative device will be better in the same context. 
Since there can be many ways to interpret the word “better”, as 
speedier, more reliable, cheaper, etc., it can be that both devices would 
improve the system somehow. 
Even in this highly imprecise situation, it is possible to build a square 
table describing how much, in some sense, an alternative would better 
than another, even if this table is not transitive and not reciprocal. This 
table can then be converted to a reciprocal table using a simple operator 
and a fuzzy decision strategy can then be used to select the better 
alternative. 

5. Fuzzy Machine Learning 
Fuzzy logic allows us to describe systems and their governing rules 
using vague concepts. However, there are times when we don’t want to 
describe a system, but actually we have a large data set and want the 
system to be described to us. 

Machine learning addresses the question of how to build computer 
programs that improve their perfomance at some task through 
experience[12]. In this section we will see some Fuzzy Data Mining 
algorithms.  Data Mining is a special case of Machine Learning where 
data generated by a system (as in a table) is used to discover some rules 
about it. 

In this section we will study two algorithms. Both of them try to 
generate the set of rules for used in a fuzzy system based on a table of 
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data with n dimensions, where n-1 dimensions are used as input and the 
last dimens ion is describes the output required from the fuzzy system. 
This is the prediction problem. 

The first algorithm, proposed by Wang and Mendel[13,14], uses 
each entry in the table as a isolated evidence confirming a rule. The 
second algorithm search for the optimum set of rules that describe the 
table using a Genetic Algorithm.  

5.1. The Wang-Mendel Algorithm 

This is probably the one of the simplest algorithms we can imagine 
for deriving a set of rules which can be used to approximate a function 
described by a dataset. 

The basic idea is that each tuple in the dataset, containing many 
input variables and one output variable, represents a rule. The goal is to 
discover the most significant rules from among those available, using 
these five steps[13]: 

1. divide the input and output spaces into fuzzy regions; 
2. generate fuzzy rules from given tuples; 
3. assign a degree to each rule; 
4. create the combined set of rules, and, 
5. determine the mapping based on the set of rules. 

5.1.1. Finding the fuzzy regions  

The first step allows the fuzzification of the input and output values for 
each tuple. Basically, it incorporates dividing each domain in 2N+1 
regions, and the assigning a fuzzy membership function to each region. 
There should be some overlapping between each two adjacent intervals. 
The value of N and the regions or the membership functions do not 
need to be the same for all domains. The original authors proposed 
triangular membership functions, but suggested that other shapes would 
also work. 

The fuzzy membership functions should be named for human 
identification. The original strategy asks to name them SMALL N 
(SN), …, SMALL 1 (S1), CENTER (C), LARGE 1 (L1), … , LARGE 
N (LN). 

Pre-processing might be necessary to perform this step. For 
example, it is preferable that the all domains are linear. 
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5.1.2. A rule for each tuple 

Every tuple should be transformed into an if- then rule, using the best if-
then rule that will describes it, which is the rule made by the regions of 
maximum degree for each value of the tuple. 

For example, suppose that in the tuple (x1,x2,y) the value of x1 can be 
described as 0.4/X2 + 0.5/X1, while the value of x2 is 0.3/B2+0.6/B1  
and y is 1/C. The rule should then be: 

 IF x1 is X1 AND x2 is B1 THEN y is C. (2)  

5.1.3. A value for each tuple 

Since each pair of data generates one rule, and the dataset is usually 
large, we need a method of choosing from among two or more 
conflicting rules. Two rules will be in disagreement if they have the 
same antecedent but different consequent. 

In this step data mining really begins, since at this point we are 
assigning a value for each rule, called the degree of the rule, and  
selecting the rule of the highest degree from among all conflicting 
rules. The degree of a rule is the product of all the membership values 
described in the rule. So, the rule described in equation 2 has degree 0.5 
× 0.6 × 1 = 0.3. 

It is also possible that the tuples include some a priori information 
about its quality as a representative result of the system being analyzed. 
If this information can be described as a number m ∈[0,1], then the 
degree of the function can be multiplied by this value.  

5.1.4. Prepare the system 

In this step we should guarantee that we have a non-conflicting set of 
rules, i.e., eliminate all conflicting rules but the ones with highest 
degree. 

5.1.5. Determine the mapping 

The final step defines the processing and defuzzification strategy for 
the resulting fuzzy system. This method uses the product of the 
membership degrees of the antecedent as an implication method to 
determinate the membership degree of the consequent. Finally, it uses 
the center of sums defuzzification method. 
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5.2. The Genetic Algorithm Method 

This method represents a more holistic view of the dataset than the 
previous one. While the Wang-Mendel method uses each tuple as a 
candidate for a single rule, this method searches the space of all 
possible set of rules for the specific set of rules that better represent the 
dataset as whole. 

5.2.1. All you need to know about Genetic Algorithms  

Genetic algorithms[15],GAs, replicate Darwinian evolution in the 
succeeding generations of a population of candidate solutions, 
understanding each proposed solution as an individual with a genotype 
represented by a string of 0’s and 1’s, and a phenotype, a measurement 
of its quality as a solution. Individuals with a better phenotype have 
greater chance of being selected in random picks simulating natural 
survival, mating, crossover and mutation. 

We will not broaden our discussion of genetic algorithms in this 
chapter. All we need to know is that, given a set of possible solutions 
for a problem, a GA is a black box that evaluates each solution and 
produce a new set created from them, usually introducing new 
candidates. It is possible to prove that GAs will converge to an optimal 
solution in infinitely many steps. 

5.3. The Algorithm itself 

This is a very simple algorithm:  
1. Select linguistic variables and linguistic terms 
2. Find a suitable representation for the genotype 
3. Select an evaluation function 
4. Generate randomly a large number of complete sets of rules.  
5. Run the GA 

Let us follow the steps for the data describe in Table 8. 
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X Y Z 
0 0 0 
0 1 1 
0 2 2 
1 0 1 
1 1 2 
1 2 3 
2 0 2 
2 1 3 
2 2 4 

Table 8 The dataset for the function z=x+y 

The first step is to select linguistic terms to be used. Suppose we use 
3 linguistic terms (small,ok,big) for each linguistic variable (x,y,z), then 
we can represent the set of rules as a 3x3 matrix where each cell can 
assume on of 3 values.  

To find a suitable representation, we need at least 2 bits to represent 
each cell value. Therefore each matrix demands a 3x3x2=18 bits string. 
We can use (00)2 for Small, (01)2 for Ok and (11)2 for Big, and read the 
matrix left to right, top to bottom. For example, the matrix  

 
 Small Ok Big 
Small Small Small Ok 
Ok Small OK Big 
Big Ok Big Big 

Table 9 First example of possible rules 

is represented as (000001000111011111)2, while the matrix 
 Small Ok Big 
Small Ok Ok Ok 
Ok Ok OK Big 
Big Ok Big Big 

Table 10 Second example of possible rules 

is represented as (010101010111011111)2. 
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The third step is to select an evaluation function. A good one will 
provide information about how well the set of rules worked as a 
predictor. The mean square error of every prediction is a good choice. 

The fourth step is to randomly generate solutions. Finally, we apply 
the GA, making it use the evaluation function defined in step 3 to 
define the survival of elements. After a criteria of convergence is 
achieved, we pick the best solution among the population. 

6. Fuzzy Databases 
Petry and Bosc divided fuzzy databases into similarity and possibility 
based models [16]. Similarity based models generalize the concept of 
relation into the concept of fuzzy relation, working with similarity 
tables to define the similarity and the degree of redundancy and 
uniqueness of a tuple. Possibility based models use possibility 
distributions to represent ill defined concepts and incomplete data 
inside the tuples. 

Any fuzzy database model is more useful when enhanced by a fuzzy 
extension to SQL. Actually, fuzzy querying can be developed even 
over traditional crisp databases. Bosc and Pivert [17] describe three 
approaches for imprecise querying: 

1. separating the precise part of the query from the imprecise part 
and using a ranking mechanism to unify the answers, 

2.  translating the imprecise query to a precise query using ranges 
and later make the fuzzy processing, and 

3. implementing the fuzzy query directly. 
 Braga and Xexéo (Braga and Xexéo, 1997) presented a deductive 

database where fuzzy rules are used in a backward chaining scheme. In 
this system, a relational database is extended to allow for the definition 
of linguistic variables and their respective linguistic terms over the 
attributes of the relational tables, giving us essentially fuzzy columns. 
Further on, the system allows for the definition of fuzzy rules using 
new linguistic variables in their consequent, and any linguistic variable 
in the antecedent. These new linguistic variables can be seen as a 
calculated fuzzy column. Finally, a fuzzy extension to SQL allows the 
user to make queries over the database which has been extended with 
“fuzzy columns” and fuzzy rules. 
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A C++ library was implemented and used in two applications: a 
character-based sql interpreter and a fuzzy extension to a geographical 
information system. 

Fuzzy Object Oriented Databases are a new trend in the research 
field[18]. The research agenda is wide open and the research topics 
vary from fuzzy object-oriented database models to database modeling, 
and database integration to and algorithms. 

7. Critics of fuzzy logic 
The first and most common criticism to fuzzy logic is that fuzziness 

is just probability with another name. A fuzzy researcher can follow 
one of two ways to contradict this affirmation: a philosophical and a 
mathematical. 

The philosophical argument starts from the fact the fuzziness 
describes a current situation, while probability describes a future event. 
Linguistic terms subjectively describe linguistic variables, while 
probability can only describe the odds that a fact will happen in the 
future. Suppose you know that Jack is 30 years old. The probability of 
the sentence “Jack is 29” being true is zero. While it is very close to the 
true age, so the degree of truth is certainly different than zero. Although 
we believe that this a very appealing argument and it is very effective 
in the classroom, it has not achieved good results in academic debates. 

The mathematical argument, meanwhile, is stronger. Kosko [1] 
proved that probability measures are a proper subset of fuzzy measures. 
This proof can be easily followed and stand unitl now. It is possible 
that the proof is only valid in certain contexts, but we prefer to stay 
with it for now. 

The second criticism is that fuzzy logic is hype and everything that 
is done with it can be done with some traditional technique. No one can 
deny that there is a lot of publicity around fuzzy systems nowadays, 
and the name which originally was perceived as a sign of sloppiness is 
now used to project and image of high-tech solution. But the main 
reason to use fuzzy logic is not the uniqueness of the solutions, but the 
fact that they usually are easier and cheaper. Especially for highly non-
linear systems, fuzzy logic can provide a much faster route to an 
economic solution. 

Although is difficult to imagine that all critic will cease, the current 
widespread use of fuzzy logic, both in academia and industry, is a clear 
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sign that fuzzy logic has gain a place for itself. Experience shows that 
fuzzy sets are very useful in giving machines human-like ability to 
process complex problems. Another great strength of fuzzy logic is the 
generality of its basic premises. It is very difficult to find a science that 
has not been fuzzified in some way. 

8. Where to Go From Now 
In the last years, fuzzy logic moved from the control community to the 
academic computing community, and finally it has fully arrived in the 
business computing community. Although we have seen appliances 
using fuzzy logic in many products in the past, it is now being much 
more accepted as a important tool for data manipulation, as in 
datamining and knowledge discovery applications. 

The field of fuzzy logic is growing as one of the mainstays of Soft 
Computing, also known as Computational Intelligence. Lotfi Zadeh has 
been leading a move towards the process of Computing with Words  
the use of linguistic variables and linguistic terms as a technique to 
understand data in different levels of Granulation. One can expect that 
fuzzy logic techniques, as many techniques proposed by AI researchers, 
will gain the mainstream of programming techniques. 

Hybrid systems, mixing the power to represent imprecision that 
fuzzy logic and Rough Sets provide, the learning power of Neural 
Network, and the optimization power of Genetic Algorithms mark the 
bulk of applications that appear in any conference or journal “Table of 
Contents”.  They grow in numbers, in application areas and in 
possibilities to interpret old results that where not covered by any 
satisfying theory. 
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